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Abstract

Electric power systems are undergoing an unprecedented transition

from fossil fuel-based power plants to low-inertia systems that predom-

inantly rely on power electronics and renewable energy resources. This

article reviews the resulting modeling and control challenges, both at

the device- and system-level, and predominantly focuses on novel as-

pects or classical concepts that have to be revised in light of the tran-

sition to low-inertia systems. To this end, we survey the literature

on modeling of low-inertia systems, control of grid-connected power

converters, and discuss the frequency dynamics of low-inertia systems.

Moreover, we discuss system-level services from a control perspective.

Overall, we conclude that the system-theoretic mind set is essential to

bridge di�erent research communities and understand the complex in-

teractions of power electronics, electric machines, and their controls in

large-scale low-inertia power systems.
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Modeling review: 3-phase signals
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(d) Asymmetric three-phase AC signal re-

sulting of an asymmetric superposition of a
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Figure 2.1: Symmetric and asymmetric AC three-phase signals. The lines correspond to

xa ’—’, xb ’- -’, xc ’· · · ’.
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Transforms of 3-phase balanced signals
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it’s tedious but useful to work through
these calculations once in your lifetime



↵�� ! dq0 & rotation matrix tricks
(covered on the board)
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• R(⊖) = [
↳ 10-1 - sin '" ]
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Application : dy transform of circuit equations :
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Synchronous machine modeling
(assumptions: non-salient rotor, single-pole pair, dc-excitation, no damper windings)
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Synchronous machine modeling
(assumptions: non-salient rotor, single-pole pair, dc-excitation, no damper windings)
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Synchronous machine modeling
(assumptions: non-salient rotor, single-pole pair, dc-excitation, no damper windings)
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Synchronous machine modeling
(assumptions: non-salient rotor, single-pole pair, dc-excitation, no damper windings)
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Port-Hamiltonian system modeling
(covered on the board)
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Synchronous machine :
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all together :
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Annual Reviews in Control 41 (2016) 119–132 

Contents lists available at ScienceDirect 
Annual Reviews in Control 

journal homepage: www.elsevier.com/locate/arcontrol 
Full Length Article 
Perspectives in modeling for control of power networks 
Arjan van der Schaft a , ∗, Tjerk Stegink a , b , c 
a Jan C. Willems Center for Systems and Control, University of Groningen, The Netherlands 
b Johann Bernoulli Institute for Mathematics and Computer Science, University of Groningen, The Netherlands 
c Engineering and Technology Institute Groningen, University of Groningen, The Netherlands 
a r t i c l e i n f o 
Article history: 
Received 19 December 2015 
Revised 23 February 2016 
Accepted 8 March 2016 
Available online 11 May 2016 
Keywords: 
Synchronous generator 
Port-Hamiltonian system 
Stability 
Shifted passivity 
Swing equation 
Networks 

a b s t r a c t 
Increasing integration of renewable energy sources in the power grid leads to a complete re-thinking of 
its operation. This necessitates the consideration of new modeling and analysis approaches, which can 
serve as natural starting points for robust and scalable control and design strategies. 
In this ‘vision’ paper we will highlight two topics within the broad area of power networks: the model- 
ing and analysis of the synchronous generator, and the modeling and analysis of power networks using 
the swing equation as an approximate model for the generator. In both cases we will discuss a port- 
Hamiltonian formulation, which reflects the underlying physics of power flow and energy storage. Al- 
though the port-Hamiltonian model of the synchronous generator reveals a clear structure it still poses 
fundamental challenges for its non-zero steady state stability analysis. It is shown how the swing equa- 
tion can be directly deduced from the power balance of the port-Hamiltonian model of the synchronous 
generator. Under the phasor assumption, this leads to a port-Hamiltonian model of power networks of 
generators, which enables a straightforward stability analysis and provides a starting point for control. 

© 2016 International Federation of Automatic Control. Published by Elsevier Ltd. All rights reserved. 
1. Introduction 

The study of power networks has recently gained much atten- 
tion from different angles, including the systems and control point 
of view. Fundamental reasons for the growing interest are the in- 
creasing share of renewables , such as wind and solar energy, in 
the electricity production and resulting fundamental challenges in 
the operation of the network, and at the same time the availabil- 
ity of advanced information technology. This has led, or will lead 
in the near future, to a re-thinking of the operation of the power 
grid, replacing the classical top-down structure of energy distribu- 
tion, from a small number of major power plants to consumers, 
by a much more horizontal and distributed structure. In such a 
distributed structure many of the consumers are partially or tem- 
porarily producers of energy as well (called prosumers ). The match- 
ing of supply and demand in the resulting complex multi-player 
setting, subject to a large degree of uncertainty in the energy pro- 
duction of renewables, leads to an operation of the power grid 
that is increasingly often near its capacity constraints and neces- 
sitates the use of advanced communication and control techniques 
(‘ smart grids ’). Another important aspect in the restructuring of 

∗ Corresponding author. 
E-mail addresses: a.j.van.der.schaft@rug.nl (A. van der Schaft), t.w.stegink@rug.nl 

(T. Stegink). 

the operation of the power grid is the concept of a micro-grid . A 
micro-grid is generally understood as a small-scale power network 
that is able to operate independently of the main (high-voltage) 
grid, and therefore is less vulnerable to faults and power outages 
elsewhere. 

In the light of these developments it seems relevant to funda- 
mentally reconsider the basic modeling approaches to power net- 
works, and to investigate how more accurate models reflecting the 
underlying physics, as well as improved analysis and control con- 
cepts, can contribute to novel robust and scalable control method- 
ologies. Indeed, while up to now for many of the control problems 
in the operation of the power network fairly simple models or lin- 
earizations of more involved models could be satisfactory, this is 
not the case anymore for the control challenges that are posed by 
the new ways of operating the power grid. In addition, also the 
classical problem of the stability of the large-scale power network 
after major disruptions (faults) is still largely open. 

Instead of providing a general vision on the area, we restrict 
ourselves in this introductory and tutorial paper to two topics 
within the modeling and analysis of power networks. The first 
topic concerns the detailed modeling for control of the synchronous 
generator , which is (still) the main working horse of the large 
power grid. The synchronous generator constitutes a fascinating 
multi-physics system which can be modeled from first principles 
resulting in a classical eight -dimensional model. We will describe 
the main characteristics and the mathematical structure of this 

http://dx.doi.org/10.1016/j.arcontrol.2016.04.017 
1367-5788/© 2016 International Federation of Automatic Control. Published by Elsevier Ltd. All rights reserved. 
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putting all equations together &
converting to ↵� frame & currents



Synchronous generator in ↵� frame
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Conversion to machine angle dq frame
(covered on the board)
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Power systems involves some science,
engineering, & “art” — model reduction

This book makes the “art” more scientific.
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Derivation of the swing equation
(covered on the board)
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power balance of a synchronous machine

¥ [ { Mw
'
+ { it 1101 . i ]

§ neglect ton longer time scales > 3,4s )

=
WMI + 0

← 0

= - Dcf t w . Tm - i i t

no

Vgt is t air
-
0

µ defined
= Pm -

Pe
= mechanical power - electrical power

FÑ FÑ
⇒ w Mio = E

-

P÷
, ← normalizationbase

. 1-1 = coast .
base

÷% :assumption H in = pin - Fe



15 / 24

Hiii = pm.i-pe.ir
Mile

" "

= Pm,i
- Re f- viii.f-

" i
= % Yijk -14, / e'

'

%

= Pmi
-

É Bii
.

Wil - 141 sin ( Oi - -0;)
j=l

↑

goid lossless
-

1- ¥ Ej
'
- - Ws ( Gi - Qi)



Modeling the “essential” generator dynamics

1. electromech. swing dynamics
of synchronous machines

Pi,mechPi,inj

Mi✓̈i + Di✓̇i = Pi,mech � Pi,inj

const. terminal voltage magnitude Ei.

(can be derived from first principle model
& some (possibly strong) assumptions)

“There is probably more literature on
synchronous machines than on any
other device in electrical engineering.”
— [P. Sauer & M.A. Pai, Power System Dynamics and
Stability ’98]

“The swing equation model is a perfect
example of the famous line [. . . ]: “All
models are wrong, but some are useful.””
— [S.Y. Caliskan and P. Tabuada, CDC ’15]
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Modeling the “essential” generator dynamics

1. electromech. swing dynamics
of synchronous machines

Pi,mechPi,inj

Mi✓̈i + Di✓̇i = Pi,mech � Pi,inj

const. terminal voltage magnitude Ei.

(can be derived from first principle model
& some (possibly strong) assumptions)

“There is probably more literature on
synchronous machines than on any
other device in electrical engineering.”
— [P. Sauer & M.A. Pai, Power System Dynamics and
Stability ’98]

Uses and Abuses of the Swing Equation Model

Sina Y. Caliskan and Paulo Tabuada

Abstract— The swing equation model is widely used in the
literature to study a large class problems, including stability
analysis of power systems. We show in this paper, by compari-
son with a first principles model, that the swing equation model
may lead to erroneous conclusions when performing stability
analysis of power systems, even under small oscillations.

I. INTRODUCTION

The swing equation model is a perfect example of the
famous line by George Box and Norman Draper in [2]: “All
models are wrong, but some are useful.”. Power engineers
successfully used this model in the past to describe syn-
chronous generators in a large class of power engineering
problems [1], [3]. Notwithstanding being stated in most
powers systems books that the swing equation is not valid
away from equilibrium, the long track of success in using this
model for solving a broad spectrum of applications resulted
in a biased focus on the “usefulness” of this model at the
expense of blurring the boundaries of the region where the
swing equation can be applied. In this paper, our objective is
to shift the focus back to clarifying this boundary by asking
the following question:

When should the swing equation be used, and when does it
describe the behavior of an actual synchronous generator?

In order to answer this question, we start with the obser-
vation that a First Principles (FP) model can be constructed
for synchronous generators and the swing equation can be
recovered as a special case of this model. One way to
derive this FP model, as suggested in [7], is to use the
framework of port-Hamiltonian systems to represent power
system components, and interconnect these components to
obtain a port-Hamiltonian model of the power system. In
the literature, the swing equation is still preferred to a FP
model due to its simplicity, and the idea of using a more
detailed FP model to analyze power systems is frowned
upon. However, it has been recently shown that the stability
analysis of power systems using a FP model can be easily
performed and one can obtain simple, compositional stability
conditions [6]. These results show that the pursuit of simple
models for the sake of facilitating analysis is not a sufficient
reason to completely neglect “complex” models.

Our aim is to show that the swing equation should not be
used to analyze the dynamical behavior of power systems,
even under small perturbations when the swing equation is
believed to accurately describe the dynamics. We achieve
this objective by showing that when employing the swing

Sina Y. Caliskan and Paulo Tabuada are with the Department of Electrical
Engineering, University of California at Los Angeles, CA 90095-1594,
United States {yamac@ucla,tabuada@ee.ucla}.edu

equation for stability analysis under small oscillations we
obtain results contradicting a more detailed FP model.

II. SYNCHRONOUS GENERATOR MODELS

In this section, we review two synchronous generator
models. The first model is derived from first principles while
the second is the traditional swing equation model that is
widely used in the literature. After introducing these models,
we show how to recover the swing equation model from the
FP model by making several assumptions: neglect of reactive
power (Assumption 2.1 in Section II-B), and an angular
velocity in the vicinity of !s (Assumption 2.5).

A. First Principles Model

A synchronous generator is composed of a moving com-
ponent, the rotor, and a fixed frame. The electrical windings
connected to the fixed frame are called stator windings, and
they are denoted by the subscripts a, b, and c. The field
windings are the electrical circuits connected to the rotor of
the generator. The number of field windings is nf , and we
use the subscript f, i to denote the ith field winding. The
following equations, as explained in [6] and [7], describe a
First Principles (FP) model of a synchronous generator

�̇ = !, (1)

M !̇ = �D
�H

�(M!)
+ D!s + ⌧m � ⌧e (2)

�̇abc = �R
�H

��abc
+ Vabc. (3)

In (1)-(3), M is the moment of inertia, D is the damping
coefficient, !s is the synchronous velocity, � is the phase
angle of the generator, ⌧m is the supplied mechanical torque,
⌧e = �H

�✓ is the electrical torque [8], ! is the angular
velocity, and R is a diagonal matrix with its diagonal
elements being the resistances of the stator and the field
windings. We use Vabc = (Va, Vb, Vc, Vf,1, . . . , Vf,nf ) and
Iabc = (Ia, Ib, Ic, If,1, . . . , If,nf ) to denote the vector of
voltages across the winding terminals, and the vector of
currents entering into the windings, respectively. We use
the subscripts a, b, c for the phase a, phase b, phase c
voltages and currents, respectively. The vector of fluxes is
defined as �abc = L(�)Iabc where L(�) is the inductance
matrix, whose form under some additional assumptions is
given in Section II-C, Equation (10). Finally, the Hamiltonian
H is the sum of the kinetic energy of the rotor shaft and
the electromagnetic energy stored in the windings of the

2015 IEEE 54th Annual Conference on Decision and Control (CDC)
December 15-18, 2015. Osaka, Japan

978-1-4799-7885-4/15/$31.00 ©2015 IEEE 6662

“The swing equation model is a perfect
example of the famous line [. . . ]: “All
models are wrong, but some are useful.””
— [S.Y. Caliskan and P. Tabuada, CDC ’15]
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Modeling the “essential” network dynamics
models can be arbitrarily detailed & vary on di�erent time/spatial scales

2. active and reactive power flow
(⇡ lossless for high voltage)

3. passive constant power loads

4. inverters: DC or variable AC
sources with power electronics

Pi,inj =
X

j
BijEiEj sin(✓i � ✓j)

Qi,inj = �
X

j
BijEiEj cos(✓i � ✓j)

Pi,inj = Pi = const.

Qi,inj = Qi = const.

(i) have constant/controllable PQ
(max. power-point tracking)

(ii) or mimic generators
(many more details later)
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Structure-preserving power network model
without Kron-reduction of load buses [A. Bergen & D. Hill ’81]

• generator swing dynamics:

• frequency-dependent loads:
(or inverter-interfaced sources)

✓̇i = !i

Mi!̇i = �Di!i + Pi �
X

j
BijEiEj sin(✓i � ✓j)

Qi = �
X

j
BijEiEj cos(✓i � ✓j)

Di✓̇i = Pi �
X

j
BijEiEj sin(✓i � ✓j)

Qi = �
X

j
BijEiEj cos(✓i � ✓j)

in academia: this “baseline model” is typically further simplified:
decoupling, linearization, constant voltages, . . .

in industry: much more detailed models used for grid simulations

) IMHO: above model captures most interesting network dynamics
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Structure-preserving power network model
without Kron-reduction of load buses [A. Bergen & D. Hill ’81]

• generator swing dynamics:

• frequency-dependent loads:
(or inverter-interfaced sources)
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Common variations in dynamic network models
dynamic behavior is very much dependent on load models & generator models

1. frequency/voltage-depend. loads
[A. Bergen & D. Hill ’81, I. Hiskens &
D. Hill ’89, R. Davy & I. Hiskens ’97]

2. network-reduced models after
Kron reduction of loads
[H. Chiang, F. Wu, & P. Varaiya ’94]

(common but poor assumption: Gij = 0)

Di✓̇i + Pi = �Pi,inj

fi(V̇i) + Qi = �Qi,inj

Mi✓̈i + D✓̇i = Pi,mech

�
X

j
BijEiEj sin(✓i � ✓j)

�
X

j
GijEiEj cos(✓i � ✓j)

| {z }
e�ect of resistive loads
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Fig. 9. The New England test system [10], [11]. The system includes
10 synchronous generators and 39 buses. Most of the buses have constant
active and reactive power loads. Coupled swing dynamics of 10 generators
are studied in the case that a line-to-ground fault occurs at point F near bus
16.

test system can be represented by

�̇i = !i,
Hi

�fs
!̇i = �Di!i + Pmi � GiiE

2
i �

10�

j=1,j �=i

EiEj ·

· {Gij cos(�i � �j) + Bij sin(�i � �j)},

�
���

���
(11)

where i = 2, . . . , 10. �i is the rotor angle of generator i with
respect to bus 1, and !i the rotor speed deviation of generator
i relative to system angular frequency (2�fs = 2� � 60Hz).
�1 is constant for the above assumption. The parameters
fs, Hi, Pmi, Di, Ei, Gii, Gij , and Bij are in per unit
system except for Hi and Di in second, and for fs in Helz.
The mechanical input power Pmi to generator i and the
magnitude Ei of internal voltage in generator i are assumed
to be constant for transient stability studies [1], [2]. Hi is
the inertia constant of generator i, Di its damping coefficient,
and they are constant. Gii is the internal conductance, and
Gij + jBij the transfer impedance between generators i
and j; They are the parameters which change with network
topology changes. Note that electrical loads in the test system
are modeled as passive impedance [11].

B. Numerical Experiment

Coupled swing dynamics of 10 generators in the
test system are simulated. Ei and the initial condition
(�i(0), !i(0) = 0) for generator i are fixed through power
flow calculation. Hi is fixed at the original values in [11].
Pmi and constant power loads are assumed to be 50% at their
ratings [22]. The damping Di is 0.005 s for all generators.
Gii, Gij , and Bij are also based on the original line data
in [11] and the power flow calculation. It is assumed that
the test system is in a steady operating condition at t = 0 s,
that a line-to-ground fault occurs at point F near bus 16 at
t = 1 s�20/(60Hz), and that line 16–17 trips at t = 1 s. The
fault duration is 20 cycles of a 60-Hz sine wave. The fault
is simulated by adding a small impedance (10�7j) between
bus 16 and ground. Fig. 10 shows coupled swings of rotor
angle �i in the test system. The figure indicates that all rotor
angles start to grow coherently at about 8 s. The coherent
growing is global instability.

C. Remarks

It was confirmed that the system (11) in the New Eng-
land test system shows global instability. A few comments

0 2 4 6 8 10
-5

0

5

10

15

δ
i /

 r
a

d

 

 
10

02

03

04

05

0 2 4 6 8 10
-5

0

5

10

15

δ
i /

 r
a

d

TIME / s

 

 
06

07

08

09

Fig. 10. Coupled swing of phase angle �i in New England test system.
The fault duration is 20 cycles of a 60-Hz sine wave. The result is obtained
by numerical integration of eqs. (11).

are provided to discuss whether the instability in Fig. 10
occurs in the corresponding real power system. First, the
classical model with constant voltage behind impedance is
used for first swing criterion of transient stability [1]. This is
because second and multi swings may be affected by voltage
fluctuations, damping effects, controllers such as AVR, PSS,
and governor. Second, the fault durations, which we fixed at
20 cycles, are normally less than 10 cycles. Last, the load
condition used above is different from the original one in
[11]. We cannot hence argue that global instability occurs in
the real system. Analysis, however, does show a possibility
of global instability in real power systems.

IV. TOWARDS A CONTROL FOR GLOBAL SWING

INSTABILITY

Global instability is related to the undesirable phenomenon
that should be avoided by control. We introduce a key
mechanism for the control problem and discuss control
strategies for preventing or avoiding the instability.

A. Internal Resonance as Another Mechanism

Inspired by [12], we here describe the global instability
with dynamical systems theory close to internal resonance
[23], [24]. Consider collective dynamics in the system (5).
For the system (5) with small parameters pm and b, the set
{(�, !) � S1 � R | ! = 0} of states in the phase plane is
called resonant surface [23], and its neighborhood resonant
band. The phase plane is decomposed into the two parts:
resonant band and high-energy zone outside of it. Here the
initial conditions of local and mode disturbances in Sec. II
indeed exist inside the resonant band. The collective motion
before the onset of coherent growing is trapped near the
resonant band. On the other hand, after the coherent growing,
it escapes from the resonant band as shown in Figs. 3(b),
4(b), 5, and 8(b) and (c). The trapped motion is almost
integrable and is regarded as a captured state in resonance
[23]. At a moment, the integrable motion may be interrupted
by small kicks that happen during the resonant band. That is,
the so-called release from resonance [23] happens, and the
collective motion crosses the homoclinic orbit in Figs. 3(b),
4(b), 5, and 8(b) and (c), and hence it goes away from
the resonant band. It is therefore said that global instability
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Derivation of network-reduced model
(covered on the board)
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reduced generator dynamics :
Éi = Wi

Mini. = - Diwi + pm ,
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-
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= net power injection
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Common variations in dynamic network models cont’d
dynamic behavior is very much dependent on load models & generator models

3. higher order generator dynamics
[P. Sauer & M. Pai ’98]

4. dynamic & detailed load models
[D. Karlsson & D. Hill ’94]

5. time-domain models
[S. Caliskan & P. Tabuada ’14, S. Fiaz et al. ’12]

voltages, controls, magnetics etc.
(reduction via singular perturbations)

aggregated dynamic load behavior
(e.g., load recovery after voltage step)

passive Port-Hamiltonian models
for machines & RLC circuitry

“Power system re-
search is all about
the art of making
the right assump-
tions.”
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Port-Hamiltonian representation of
network-reduced swing equation model

(covered on the board)
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A coupled oscillator analogy

Mechanical oscillator network
Angles (✓1, . . . , ✓n) evolve on Tn as

Mi✓̈i + Di✓̇i = Pi �
P

j Bij sin(✓i � ✓j)

• inertia constants Mi > 0

• viscous damping Di > 0

• external torques Pi 2 R

• spring constants Bij � 0

Structure-preserving power network

Mi✓̈i + Di✓̇i = Pi �
X

j
Bij sin(✓i � ✓j)

Di✓̇i = Pi �
X

j
Bij sin(✓i � ✓j)

P3

P2
P1
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