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FPV Human Drone Racing

GTP Autonomous Drone Racing
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Generalized Nash Style Game

Each Robot has its own objective:
Robot i’s strategy All other robot’s strategies

Coupled constraints
Generalized Nash Game

Generalized Nash Equilibrium:

✓⇤i =arg min
✓i2⇥

Ji(✓i, ✓
⇤
�i)

s.t. g(✓i, ✓
⇤
�i)  0

For all robots: 

No robot can unilaterally improve its objective.

min
✓i2⇥

Ji(✓i, ✓�i)

s.t. g(✓i, ✓�i)  0

min
✓i2⇥

Ji(✓i, ✓�i)

s.t. g(✓i, ✓�i)  0
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Iterative Best Response (IBR)

• Nash Equilibrium is a fixed point of the best response map.
• If IBR converges, it converges to a Nash equilibrium!
• In practice, does not work with constraints (Generalized Nash Games)
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ALGAMES: A Fast Solver for General Sum Games

Simon LeCleac’h

Zac Manchester

LeCleac’h et Al., RSS 2020
LeCleac’h et Al., ArXiv (long form)

min
✓i2⇥

Ji(✓i, ✓�i)

s.t. g(✓i, ✓�i)  0

Li(✓i, ✓�i) Augmented Lagrangian

r✓iLi(✓i, ✓�i) = 0Directly solve first order optimality 
conditions with Newton’s method 8i

For each Robot:

Solves in 14 ms for two players
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ALGAMES algorithm

Vehicle collision avoidance 
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ALGAMES algorithm

Vehicle collision avoidance 
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ALGAMES algorithm

Vehicle collision avoidance Boundary collision avoidance 
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Vehicle collision avoidance Boundary collision avoidance 
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Dynamics

<latexit sha1_base64="mV8ts7TxCOslPol0Atf9WT6pkEo=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRWpSSFFE3QtGNywr2Am0Mk+mkHTK5MDORlpA3cOOruHGhiFu37nwbp20Ebf1h4OM/53Dm/E7EqJCG8aXlFhaXllfyq4W19Y3NLX17pynCmGPSwCELedtBgjAakIakkpF2xAnyHUZajnc1rrfuCRc0DG7lKCKWj/oBdSlGUlm2fji0E+/ITOEFdEtD2zuGse3dJSWznP5gtZyWbb1oVIyJ4DyYGRRBprqtf3Z7IY59EkjMkBAd04iklSAuKWYkLXRjQSKEPdQnHYUB8omwksk9KTxQTg+6IVcvkHDi/p5IkC/EyHdUp4/kQMzWxuZ/tU4s3XMroUEUSxLg6SI3ZlCGcBwO7FFOsGQjBQhzqv4K8QBxhKWKsKBCMGdPnodmtWKeVqo3J8XaZRZHHuyBfVACJjgDNXAN6qABMHgAT+AFvGqP2rP2pr1PW3NaNrML/kj7+AbVCJoB</latexit>

xk+1 = f(xk, u
(1)
k , u(2)

k )

Joint state

Player 1 Player 2

<latexit sha1_base64="RTeSOKvBlVHbUuvPiP7h2ywEppg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahgpSkiHoRinrwWMG0hTSUzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAsSwTXY9rdVWFldW98obpa2tnd298r7By0tU0WZS6WQqhMQzQSPmQscBOskipEoEKwdjG6nfvuJKc1l/AjjhPkRGcQ85JSAkby7aucMu6f4Gtu9csWu2TPgZeLkpIJyNHvlr25f0jRiMVBBtPYcOwE/Iwo4FWxS6qaaJYSOyIB5hsYkYtrPZidP8IlR+jiUylQMeKb+nshIpPU4CkxnRGCoF72p+J/npRBe+RmPkxRYTOeLwlRgkHj6P+5zxSiIsSGEKm5uxXRIFKFgUiqZEJzFl5dJq15zLmr1h/NK4yaPo4iO0DGqIgddoga6R03kIookekav6M0C68V6tz7mrQUrnzlEf2B9/gARp48q</latexit>

D(X,U) = 0Write as:
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Objective for One Player

<latexit sha1_base64="4B3NkV+9Iaefz99pmTlvbDV5OBg="></latexit>

min
X,U(1)

J1(X,U (1))

s.t. D(X,U) = 0

C(X,U)  0

<latexit sha1_base64="4B3NkV+9Iaefz99pmTlvbDV5OBg="></latexit>

min
X,U(1)

J1(X,U (1))

s.t. D(X,U) = 0

C(X,U)  0

<latexit sha1_base64="4B3NkV+9Iaefz99pmTlvbDV5OBg="></latexit>

min
X,U(1)

J1(X,U (1))

s.t. D(X,U) = 0

C(X,U)  0

Dynamics

Constraints
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Coupled Objectives

<latexit sha1_base64="4B3NkV+9Iaefz99pmTlvbDV5OBg=">AAACVnicbVFdT9swFHXC+CobZOyRF2sVqJVQlKBp2wsSGjxMewJpgUpNqRz3llrYTmbfIKoof3J7gZ/CyzS3qQQDrmXr+JxzZfs4K6SwGEX3nr/0ZnlldW29tfH23eZW8H773Oal4ZDwXOamlzELUmhIUKCEXmGAqUzCRXZ9PNMvbsBYkeufOC1goNiVFmPBGTpqGKg9miqhh1VvnyaXVSfu1vWPy7jzuO2macuZEG6xsiGGNU 1/lWxE0/3ZoCfOmnTpIY0aX6M9WY8bQyqBRsOgHYXRvOhLEC9AmyzqdBj8Tkc5LxVo5JJZ24+jAgcVMyi4hLqVlhYKxq/ZFfQd1EyBHVTzWGq665gRHefGTY10zj7tqJiydqoy51QMJ/a5NiNf0/oljr8OKqGLEkHz5qBxKSnmdJYxHQkDHOXUAcaNcHelfMIM4+h+ouVCiJ8/+SU4Pwjjz+HB2af20bdFHGtkh3wkHRKTL+SIfCenJCGc/CEPnu8teXfeX3/ZX22svrfo+UD+Kz/4B1ARrAc=</latexit>

min
X,U(1)

J1(X,U (1))

s.t. D(X,U) = 0

C(X,U)  0

<latexit sha1_base64="D7D2neeDqyPn1jxwkJo2HRmPYNA="></latexit>

min
X,U(2)

J2(X,U (2))

s.t. D(X,U) = 0

C(X,U)  0



14

Augmented Lagrangian

ALGAMES: A Fast Augmented Lagrangian Solver for Constrained Dynamic Games 5

Nash equilibrium point, the gradients of the augmented La-
grangians of all players must be null. Concatenating this set
of M equality constraints with the dynamics equality con-
straints, we obtain a set of equations that we solve using a
quasi-Newton root-finding algorithm.

4.1 Individual Optimality

First, without loss of generality, we suppose that the vector
C is actually the concatenated set of inequality and equal-
ity constraints, i.e., C = [CT

i CT
e ]

T 2 Rnci+nce , where Ci  0
is the vector of inequality constraints and Ce = 0 is the vec-
tor of equality constraints (e.g. terminal state equality con-
straints). To embed the notion that each player is acting op-
timally, we formulate the augmented Lagrangian associated
with Problem (3) for player n . The dynamics constraints are
handled with the Lagrange multiplier term µn 2 Rn̄, while
the other constraints are dealt with using both a multiplier
and a quadratic penalty term specific to the augmented La-
grangian formulation. As a motivation for this differential
treatment; one typically handles inequality and highly non-
linear equality constraints with an augmented Lagrangian
formulation for its improved robustness. We denote by l 2
Rnc the Lagrange multipliers associated with the vector of
constraints C; r 2 Rnc is a penalty weight;

Ln(X ,U) = Jn +µn T D+l TC+
1
2

CT IrC. (4)

Ir is a diagonal matrix defined as,

Ir,kk =

(
0 if Ck(X ,U)< 0 ^ lk = 0, k  nci,

rk otherwise,
(5)

where k = 1, . . . ,nci + nce indicates the kth constraint. It is
important to notice that the Lagrange multipliers µn asso-
ciated with the dynamics constraints are specific to each
player n , but the Lagrange multipliers and penalties l and r
are common to all players. Given the appropriate Lagrange
multipliers µn and l , the gradient of the augmented La-
grangian with respect to the individual decision variables
—X ,Un Ln = Gn is null at an optimal point of Problem (3).
The fact that player n is acting optimally to minimize Jn

under the constraints D and C can therefore be expressed as
follows,

—X ,Un Ln(X ,U,µn) = Gn(X ,U,µn) = 0. (6)

It is important to note that this equality constraint preserves
coupling between players since the gradient Gn depends on
the other players’ strategies U�n .

4.2 Root-Finding Problem

At a generalized Nash equilibrium, all players are acting op-
timally and the dynamics constraints are respected. There-
fore, to find an equilibrium point, we have to solve the fol-
lowing root-finding problem,

min
X ,U,µ

0,

s.t. Gn(X ,U,µn) = 0, 8 n 2 {1, . . . ,M},
D(X ,U) = 0.

(7)

We note that the set of constraints, C, is embedded in G and
implicitly handled through augmented Lagrangian penalties.
Therefore, we do not need to add the primal feasibility con-
straint, C(X ,U) 0, to Problem 7. We use Newton’s method
to solve the root-finding problem. We denote by G the con-
catenation of the augmented Lagrangian gradients of all play-
ers and the dynamics constraints, G(X ,U,µ) = [(G1)T , . . . ,
(GM)T ,DT ]T , where µ = [(µ1)T , . . . ,(µM)T ]T 2 Rn̄M . We
compute the first-order deri-vative of G with respect to the
primal variables X ,U and the dual variables µ that we con-
catenate in a single vector y = [(X)T ,(U)T ,(µ)T ],

H = —X ,U,µ G = —yG. (8)

Newton’s method allows us to identify a search direction dy
in the primal-dual space,

dy =�H�1G. (9)

We couple this search direction with a backtracking line-
search [30] given in Algorithm 1 to ensure local convergence
to a solution using Newton’s Method [30] detailed in Algo-
rithm 2.

Algorithm 1 Backtracking line-search
1: procedure LINESEARCH(y,G,dy)
2: Parameters
3: a = 1,
4: b 2 (0,1/2),
5: t 2 (0,1),
6: Until ||G(y+ady)||1 < (1�ab )||G(y)||1 do
7: a  ta
8: return a

4.3 Augmented Lagrangian Updates

To obtain convergence of the Lagrange multipliers l , we
update them with a dual-ascent step. This update can be seen

Lagrange multiplier for dynamics

Lagrange multiplier 
for constraints

Quadratic penalty 
for constraints

• Rigorously enforces constraints (from Lagrange multiplier)

• Better numerical conditioning (from quadratic penalty)
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Newton’s Method
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Gradient for player v:

Stacked Hessian:

Stacked gradient and dynamics:
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catenation of the augmented Lagrangian gradients of all play-
ers and the dynamics constraints, G(X ,U,µ) = [(G1)T , . . . ,
(GM)T ,DT ]T , where µ = [(µ1)T , . . . ,(µM)T ]T 2 Rn̄M . We
compute the first-order deri-vative of G with respect to the
primal variables X ,U and the dual variables µ that we con-
catenate in a single vector y = [(X)T ,(U)T ,(µ)T ],

H = —X ,U,µ G = —yG. (8)

Newton’s method allows us to identify a search direction dy
in the primal-dual space,

dy =�H�1G. (9)

We couple this search direction with a backtracking line-
search [30] given in Algorithm 1 to ensure local convergence
to a solution using Newton’s Method [30] detailed in Algo-
rithm 2.

Algorithm 1 Backtracking line-search
1: procedure LINESEARCH(y,G,dy)
2: Parameters
3: a = 1,
4: b 2 (0,1/2),
5: t 2 (0,1),
6: Until ||G(y+ady)||1 < (1�ab )||G(y)||1 do
7: a  ta
8: return a

4.3 Augmented Lagrangian Updates

To obtain convergence of the Lagrange multipliers l , we
update them with a dual-ascent step. This update can be seen
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grangians of all players must be null. Concatenating this set
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4.1 Individual Optimality

First, without loss of generality, we suppose that the vector
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T 2 Rnci+nce , where Ci  0
is the vector of inequality constraints and Ce = 0 is the vec-
tor of equality constraints (e.g. terminal state equality con-
straints). To embed the notion that each player is acting op-
timally, we formulate the augmented Lagrangian associated
with Problem (3) for player n . The dynamics constraints are
handled with the Lagrange multiplier term µn 2 Rn̄, while
the other constraints are dealt with using both a multiplier
and a quadratic penalty term specific to the augmented La-
grangian formulation. As a motivation for this differential
treatment; one typically handles inequality and highly non-
linear equality constraints with an augmented Lagrangian
formulation for its improved robustness. We denote by l 2
Rnc the Lagrange multipliers associated with the vector of
constraints C; r 2 Rnc is a penalty weight;

Ln(X ,U) = Jn +µn T D+l TC+
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Ir is a diagonal matrix defined as,

Ir,kk =

(
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rk otherwise,
(5)

where k = 1, . . . ,nci + nce indicates the kth constraint. It is
important to notice that the Lagrange multipliers µn asso-
ciated with the dynamics constraints are specific to each
player n , but the Lagrange multipliers and penalties l and r
are common to all players. Given the appropriate Lagrange
multipliers µn and l , the gradient of the augmented La-
grangian with respect to the individual decision variables
—X ,Un Ln = Gn is null at an optimal point of Problem (3).
The fact that player n is acting optimally to minimize Jn

under the constraints D and C can therefore be expressed as
follows,

—X ,Un Ln(X ,U,µn) = Gn(X ,U,µn) = 0. (6)

It is important to note that this equality constraint preserves
coupling between players since the gradient Gn depends on
the other players’ strategies U�n .

4.2 Root-Finding Problem

At a generalized Nash equilibrium, all players are acting op-
timally and the dynamics constraints are respected. There-
fore, to find an equilibrium point, we have to solve the fol-
lowing root-finding problem,
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catenate in a single vector y = [(X)T ,(U)T ,(µ)T ],
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Newton’s method allows us to identify a search direction dy
in the primal-dual space,
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grangian formulation. As a motivation for this differential
treatment; one typically handles inequality and highly non-
linear equality constraints with an augmented Lagrangian
formulation for its improved robustness. We denote by l 2
Rnc the Lagrange multipliers associated with the vector of
constraints C; r 2 Rnc is a penalty weight;

Ln(X ,U) = Jn +µn T D+l TC+
1
2

CT IrC. (4)

Ir is a diagonal matrix defined as,

Ir,kk =

(
0 if Ck(X ,U)< 0 ^ lk = 0, k  nci,

rk otherwise,
(5)

where k = 1, . . . ,nci + nce indicates the kth constraint. It is
important to notice that the Lagrange multipliers µn asso-
ciated with the dynamics constraints are specific to each
player n , but the Lagrange multipliers and penalties l and r
are common to all players. Given the appropriate Lagrange
multipliers µn and l , the gradient of the augmented La-
grangian with respect to the individual decision variables
—X ,Un Ln = Gn is null at an optimal point of Problem (3).
The fact that player n is acting optimally to minimize Jn

under the constraints D and C can therefore be expressed as
follows,
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It is important to note that this equality constraint preserves
coupling between players since the gradient Gn depends on
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We note that the set of constraints, C, is embedded in G and
implicitly handled through augmented Lagrangian penalties.
Therefore, we do not need to add the primal feasibility con-
straint, C(X ,U) 0, to Problem 7. We use Newton’s method
to solve the root-finding problem. We denote by G the con-
catenation of the augmented Lagrangian gradients of all play-
ers and the dynamics constraints, G(X ,U,µ) = [(G1)T , . . . ,
(GM)T ,DT ]T , where µ = [(µ1)T , . . . ,(µM)T ]T 2 Rn̄M . We
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H = —X ,U,µ G = —yG. (8)

Newton’s method allows us to identify a search direction dy
in the primal-dual space,

dy =�H�1G. (9)

We couple this search direction with a backtracking line-
search [30] given in Algorithm 1 to ensure local convergence
to a solution using Newton’s Method [30] detailed in Algo-
rithm 2.

Algorithm 1 Backtracking line-search
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2: Parameters
3: a = 1,
4: b 2 (0,1/2),
5: t 2 (0,1),
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4.3 Augmented Lagrangian Updates

To obtain convergence of the Lagrange multipliers l , we
update them with a dual-ascent step. This update can be seen
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Algorithm 2 Newton’s method for root-finding problem
1: procedure NEWTON’SMETHOD(y)
2: Until Convergence do
3: G [(—X ,U1 L1)T , . . . ,(—X ,UM LM)T ,DT ]T

4: H —yG
5: dy �H�1G
6: a  LINESEARCH(y,G,dy)
7: y y+ady
8: return y

Algorithm 3 ALGAMES solver
1: procedure ALGAMES(y0,r0)
2: Initialization
3: r  r(0),
4: l  0,
5: µn  0, 8n
6: X ,U  X (0),U (0)

7: Until Convergence do
8: y NEWTON’SMETHOD(y)
9: l  DUALASCENT(y,l ,r), . Eq. 10

10: r  INCREASINGSCHEDULE(r), . Eq. 11
11: return y

as shifting the value of the penalty terms into the Lagrange
multiplier terms,

lk 
(

max(0,lk +rkCk(X ,U)) k  nci,

lk +rkCk(X ,U) nci < k  nci +nce.

(10)

We also update the penalty weights according to an increas-
ing schedule, with g > 1:

rk grk, 8k 2 {1, . . . ,nc}. (11)

4.4 ALGAMES

By combining Newton’s method for finding the point where
the dynamics is respected and the gradients of the augmented
Lagrangians are null with the Lagrange multiplier and penalty
updates, we obtain our solver ALGAMES (Augmented La-
grangian GAME-theoretic Solver) presented in Algorithm 3.
The algorithm, which iteratively solves the GNEP, requires
as inputs an initial guess for the primal-dual variables y(0)

and initial penalty weights r(0). The algorithm outputs the
open-loop strategies of all players X ,U and the Lagrange
multipliers associated with the dynamics constraints µ .

4.5 Algorithm Complexity

Following a quasi-Newton approximation of the matrix H
[30], we neglect some of the second-order derivative terms

associated with the constraints. Indeed, these terms involve
third-order tensors which require significant amounts of com-
putation per iteration; while only marginally increasing the
progress made per iteration. Therefore, the most expensive
part of the algorithm is the Newton step defined by Equation
9. By exploiting the sparsity pattern of the matrix H, we can
solve Equation 9 using a back-substitution scheme akin to
solving a Riccati recursion with complexity O(N(n+m)3).
The complexity is cubic in the number of states n and the
number of control inputs m, which are typically linear in
the number of players M. Therefore, the complexity of one
iteration of the algorithm is O(NM3). We evaluate the scal-
ability of ALGAMES for a varying number of players in a
drone navigation scenario (Fig. 2.b ) on 5 different dynam-
ical systems (unicycle, bicycle, quadrotor etc.) with varying
number of states and control inputs (Fig. 2.a ). The timing
results are shown in Figure 2.c.

For Newton-type methods, the overall algorithm com-
plexity is the same as the iteration complexity since the num-
ber of iterations required to converge to an optimal solution
is independent of the problem size; provided that the initial
guess is close to an optimal solution [11]. The same reason-
ing about complexity holds for iLQGames. On the other
hand, IBR has a smaller iteration complexity, O(NM), it is
linear in terms of the number of players. However, the over-
all algorithm complexity depends on rate of convergence to a
Nash equilibrium. In theory, convergence is guaranteed un-
der extremely restrictive conditions [11]. In practice, we
have observed low convergence rates on a simple problem
where the only constraints were linear kinodynamics con-
straints (Fig. 2.d). ALGAMES is 4 to 10 times faster than
IBR for a typical convergence threshold (residual < 10�4.)
Thus, even with a large number of players, ALGAMES re-
mains significantly faster than IBR.

4.6 Algorithm Discussion

Here we discuss the inherent difficulty in solving for Nash
equilibria in large problems, and explain some of the lim-
itations of our approach. First of all, finding a Nash equi-
librium is a non-convex problem in general. Indeed, it is
known that even for single-shot discrete games, solving for
exact Nash equilibria is computationally intractable for a
large number of players [31]. It is, therefore, not surpris-
ing that, in our more difficult setting of a dynamic game
in continuous space, no guarantees can be provided about
finding an exact Nash equilibrium. Furthermore, in complex
interaction spaces, constraints can be highly nonlinear and
nonconvex. This is the case in the autonomous driving con-
text with collision-avoidance constraints. In this setting, one
cannot expect to find an algorithm working in polynomial
time with guaranteed convergence to a Nash equilibrium re-
specting constraints. On the other hand, local convergence

With backtracking line search for 
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Nash equilibrium point, the gradients of the augmented La-
grangians of all players must be null. Concatenating this set
of M equality constraints with the dynamics equality con-
straints, we obtain a set of equations that we solve using a
quasi-Newton root-finding algorithm.

4.1 Individual Optimality

First, without loss of generality, we suppose that the vector
C is actually the concatenated set of inequality and equal-
ity constraints, i.e., C = [CT

i CT
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T 2 Rnci+nce , where Ci  0
is the vector of inequality constraints and Ce = 0 is the vec-
tor of equality constraints (e.g. terminal state equality con-
straints). To embed the notion that each player is acting op-
timally, we formulate the augmented Lagrangian associated
with Problem (3) for player n . The dynamics constraints are
handled with the Lagrange multiplier term µn 2 Rn̄, while
the other constraints are dealt with using both a multiplier
and a quadratic penalty term specific to the augmented La-
grangian formulation. As a motivation for this differential
treatment; one typically handles inequality and highly non-
linear equality constraints with an augmented Lagrangian
formulation for its improved robustness. We denote by l 2
Rnc the Lagrange multipliers associated with the vector of
constraints C; r 2 Rnc is a penalty weight;

Ln(X ,U) = Jn +µn T D+l TC+
1
2

CT IrC. (4)

Ir is a diagonal matrix defined as,

Ir,kk =

(
0 if Ck(X ,U)< 0 ^ lk = 0, k  nci,

rk otherwise,
(5)

where k = 1, . . . ,nci + nce indicates the kth constraint. It is
important to notice that the Lagrange multipliers µn asso-
ciated with the dynamics constraints are specific to each
player n , but the Lagrange multipliers and penalties l and r
are common to all players. Given the appropriate Lagrange
multipliers µn and l , the gradient of the augmented La-
grangian with respect to the individual decision variables
—X ,Un Ln = Gn is null at an optimal point of Problem (3).
The fact that player n is acting optimally to minimize Jn

under the constraints D and C can therefore be expressed as
follows,

—X ,Un Ln(X ,U,µn) = Gn(X ,U,µn) = 0. (6)

It is important to note that this equality constraint preserves
coupling between players since the gradient Gn depends on
the other players’ strategies U�n .

4.2 Root-Finding Problem

At a generalized Nash equilibrium, all players are acting op-
timally and the dynamics constraints are respected. There-
fore, to find an equilibrium point, we have to solve the fol-
lowing root-finding problem,

min
X ,U,µ

0,

s.t. Gn(X ,U,µn) = 0, 8 n 2 {1, . . . ,M},
D(X ,U) = 0.

(7)

We note that the set of constraints, C, is embedded in G and
implicitly handled through augmented Lagrangian penalties.
Therefore, we do not need to add the primal feasibility con-
straint, C(X ,U) 0, to Problem 7. We use Newton’s method
to solve the root-finding problem. We denote by G the con-
catenation of the augmented Lagrangian gradients of all play-
ers and the dynamics constraints, G(X ,U,µ) = [(G1)T , . . . ,
(GM)T ,DT ]T , where µ = [(µ1)T , . . . ,(µM)T ]T 2 Rn̄M . We
compute the first-order deri-vative of G with respect to the
primal variables X ,U and the dual variables µ that we con-
catenate in a single vector y = [(X)T ,(U)T ,(µ)T ],

H = —X ,U,µ G = —yG. (8)

Newton’s method allows us to identify a search direction dy
in the primal-dual space,

dy =�H�1G. (9)

We couple this search direction with a backtracking line-
search [30] given in Algorithm 1 to ensure local convergence
to a solution using Newton’s Method [30] detailed in Algo-
rithm 2.

Algorithm 1 Backtracking line-search
1: procedure LINESEARCH(y,G,dy)
2: Parameters
3: a = 1,
4: b 2 (0,1/2),
5: t 2 (0,1),
6: Until ||G(y+ady)||1 < (1�ab )||G(y)||1 do
7: a  ta
8: return a

4.3 Augmented Lagrangian Updates

To obtain convergence of the Lagrange multipliers l , we
update them with a dual-ascent step. This update can be seen

In practice, we find search direction with a backward substitution
through time, similar to a Riccati recursion.

Converges to dynamically feasible trajectory, but with 
constraint violation!
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Algorithm 2 Newton’s method for root-finding problem
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as shifting the value of the penalty terms into the Lagrange
multiplier terms,
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(10)

We also update the penalty weights according to an increas-
ing schedule, with g > 1:

rk grk, 8k 2 {1, . . . ,nc}. (11)

4.4 ALGAMES

By combining Newton’s method for finding the point where
the dynamics is respected and the gradients of the augmented
Lagrangians are null with the Lagrange multiplier and penalty
updates, we obtain our solver ALGAMES (Augmented La-
grangian GAME-theoretic Solver) presented in Algorithm 3.
The algorithm, which iteratively solves the GNEP, requires
as inputs an initial guess for the primal-dual variables y(0)

and initial penalty weights r(0). The algorithm outputs the
open-loop strategies of all players X ,U and the Lagrange
multipliers associated with the dynamics constraints µ .

4.5 Algorithm Complexity

Following a quasi-Newton approximation of the matrix H
[30], we neglect some of the second-order derivative terms

associated with the constraints. Indeed, these terms involve
third-order tensors which require significant amounts of com-
putation per iteration; while only marginally increasing the
progress made per iteration. Therefore, the most expensive
part of the algorithm is the Newton step defined by Equation
9. By exploiting the sparsity pattern of the matrix H, we can
solve Equation 9 using a back-substitution scheme akin to
solving a Riccati recursion with complexity O(N(n+m)3).
The complexity is cubic in the number of states n and the
number of control inputs m, which are typically linear in
the number of players M. Therefore, the complexity of one
iteration of the algorithm is O(NM3). We evaluate the scal-
ability of ALGAMES for a varying number of players in a
drone navigation scenario (Fig. 2.b ) on 5 different dynam-
ical systems (unicycle, bicycle, quadrotor etc.) with varying
number of states and control inputs (Fig. 2.a ). The timing
results are shown in Figure 2.c.

For Newton-type methods, the overall algorithm com-
plexity is the same as the iteration complexity since the num-
ber of iterations required to converge to an optimal solution
is independent of the problem size; provided that the initial
guess is close to an optimal solution [11]. The same reason-
ing about complexity holds for iLQGames. On the other
hand, IBR has a smaller iteration complexity, O(NM), it is
linear in terms of the number of players. However, the over-
all algorithm complexity depends on rate of convergence to a
Nash equilibrium. In theory, convergence is guaranteed un-
der extremely restrictive conditions [11]. In practice, we
have observed low convergence rates on a simple problem
where the only constraints were linear kinodynamics con-
straints (Fig. 2.d). ALGAMES is 4 to 10 times faster than
IBR for a typical convergence threshold (residual < 10�4.)
Thus, even with a large number of players, ALGAMES re-
mains significantly faster than IBR.

4.6 Algorithm Discussion

Here we discuss the inherent difficulty in solving for Nash
equilibria in large problems, and explain some of the lim-
itations of our approach. First of all, finding a Nash equi-
librium is a non-convex problem in general. Indeed, it is
known that even for single-shot discrete games, solving for
exact Nash equilibria is computationally intractable for a
large number of players [31]. It is, therefore, not surpris-
ing that, in our more difficult setting of a dynamic game
in continuous space, no guarantees can be provided about
finding an exact Nash equilibrium. Furthermore, in complex
interaction spaces, constraints can be highly nonlinear and
nonconvex. This is the case in the autonomous driving con-
text with collision-avoidance constraints. In this setting, one
cannot expect to find an algorithm working in polynomial
time with guaranteed convergence to a Nash equilibrium re-
specting constraints. On the other hand, local convergence
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Model State dim. Control dim.
Quadrotor 12 4

Double Integrator 3D 6 3
Bicycle 4 2

Unicycle 4 2
Double Integrator 2D 4 2

(a) ALGAMES is tested on 5 dynamical systems.

(b) Scenario where drones have to go through a small gap to reach the
other side of the room, forcing them to pass through one at a time.
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(c) ALGAMES’ solve times on the scenario depicted in Figure 2.b
averaged across 100 samples. For dynamical systems lying in 2D space
(Bicycle, Unicyle and 2D double integrator) the starting points and goal
points are projected onto the XY plane.
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(d) Comparison between ALGAMES and IBR on a GNEP with M
players, where coupling between players stems from collision avoid-
ance penalties. The convergence rate to a GNE solution is significantly
higher for ALGAMES.

Fig. 2 We evaluate the scalability of ALGAMES for an increasing
number of players and compare its performance to IBR.

of Newton’s method to open-loop Nash equilibria has been
established in the unconstrained case (that is, starting suf-
ficiently close to the equilibrium, the algorithm will con-
verge to it) [15]. Our approach solves a sequence of uncon-
strained problems via the augmented Lagrangian formula-
tion. Each of these problems, therefore, has guaranteed local

convergence. However, as expected, the overall method has
no guarantee of global convergence to a generalized Nash
equilibrium.

Second, our algorithm requires an initial guess for the
state and control input trajectories X , U and the dynamics
multipliers µ . Empirically, we observe that choosing µ = 0
and simply rolling out the dynamics starting from the initial
state x0 without any control was a sufficiently good initial
guess to get convergence to a local optimum that respects
both the constraints and the first-order optimality conditions.
For a detailed empirical study of the convergence of AL-
GAMES and its failure cases, we refer to Sections 5.5 and
5.6.

Finally, even for simple linear-quadratic games, the Nash
equilibrium solution is not necessarily unique. In general, an
entire subspace of equilibria exists. In this case, the matrix
H in Equation 9 will be singular. In practice, we regularize
this matrix so that large steps dy are penalized, resulting in
an invertible matrix H.

5 Simulations: Design and Setup

We choose to apply our algorithm in the autonomous driv-
ing context. Indeed, many maneuvers like lane changing,
ramp merging, overtaking, and intersection crossing involve
a high level of interaction between vehicles. We assume a
single car is computing the trajectories for all cars in its
neighborhood, so as to find its own trajectory to act safely
among the group. We assume that this car has access to a
relatively good estimate of the surrounding cars’ objective
functions. Such an estimate could, in principle, be obtained
by applying inverse optimal control on observed trajectories
of the surrounding cars.

In a real application, the car would compute its strategy
as frequently as possible in a receding-horizon loop to adapt
to unforeseen changes in the environment. We demonstrate
the feasibility of this approach on complex driving scenar-
ios where a classical predict-then-plan architecture fails to
overcome the “frozen robot” problem.

5.1 Autonomous Driving Problem

Constraints Each vehicle in the scene is an agent of the
game. Our objective is to find a generalized Nash equilib-
rium trajectory for all of the vehicles. These trajectories have
to be dynamically feasible. The dynamics constraints at time
step k are expressed as follows,

xk+1 = f (xk,u1
k , . . . ,u

M
k ). (12)

We consider a nonlinear unicycle model for the dynamics
of each vehicle. A vehicle state, xn

k , is composed of a 2D
position, a heading angle and a scalar velocity. The control
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Scenario # Players ALGAMES iLQGames
Ramp 2 38±10ms 104±23ms

Merging 3 89±14ms 197±15ms
4 860±251ms 705±209ms
2 50±11ms 752±168ms

Intersection 3 116±22ms 362±93ms
4 509±33ms 1905±498ms

(a) For each scenario and each number of players, we run each solver
100 times to estimate the mean solve time and its standard deviation.
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(b) Monte Carlo analysis with 1000 randomly sampled initial states
of ALGAMES on the left and iLQGames on the right. The top plots
indicate the largest constraint violation of the solution at the end of the
solve, e � 0 (smaller e means constraints are better satisfied). Middle
plots show the solve time. The bottom left and right plots displays the
number of Newton steps and the number of Riccati backward passes
executed during the solve of ALGAMES and iLQGames respectively.

Scenario Frequency E[d t] s [d t]
Ramp Merging 69 Hz 14 ms 72 ms

Intersection 66 Hz 15 ms 66 ms

(c) Running the Model-Predictive Control (MPC) implementation of
ALGAMES 100 times on both scenarios, we obtain the mean update
frequency of the MPC as well as the mean and standard deviation of
d t, the time required to update the MPC plan.

Fig. 4 We compare ALGAMES and iLQGames, both in terms of solve
time (top) and ability to reliably enforce constraints (middle). Addi-
tionally, we evaluate the update frequency of ALGAMES in the MPC
setting (bottom).

5.4 Discussion

The main takeaway from these experiments is that, for a
given scenario, it is generally possible to find a suitable value
for r that will ensure the convergence of iLQGames to con-
straint satisfaction. With higher values for r , we can reach

better constraint satisfaction at the expense of slower conver-
gence rate. In the context of a receding horizon implemen-
tation (MPC), finding a good choice of r that would suit the
whole sequence of scenarios encountered by a vehicle could
be difficult. In contrast, the same hyperparameters r(0) = 1
and g = 10 were used in ALGAMES for all the experiments
across this paper. This supports the idea that, thanks to its
adaptive penalty scheme, ALGAMES requires little tuning.

While performing the timing experiments, we also no-
ticed several instances of oscillatory behavior for iLQGames.
The solution would oscillate, preventing it from converging.
This happened even after an adaptive regularization scheme
was implemented to regularize iLQGames’ Riccati back-
ward passes. Oscillatory behavior was not seen with AL-
GAMES. We hypothesize that this is due to the dual ascent
update coupled with the penalty logic detailed in Equations
10 and 5, which add hysteresis to the solver.

5.5 Monte Carlo Analysis

To evaluate the robustness of ALGAMES, we performed a
Monte Carlo analysis of its performance on a ramp merging
problem. First, we set up a roadway with hard boundaries as
pictured in Fig. 3.a. We position two vehicles on the road-
way and one on the ramp in a collision-free initial configu-
ration. We choose a desired final state where the incoming
vehicle has merged into the traffic. Our objective is to gen-
erate generalized Nash equilibrium trajectories for the three
vehicles. These trajectories are collision-free and cannot be
improved unilaterally by any player. To introduce random-
ness in the solving process, we apply a random perturbation
to the initial state of the problem. Specifically, we perturb x0
by adding a uniformly sampled noise. This would typically
correspond to displacing the initial position of the vehicles
by ±1m, changing their initial velocity by ±3% and their
heading by ±2.5�.

We observe in Figure 4.b, that ALGAMES consistently
finds a satisfactory solution to the problem using the same
hyperparameters r(0) = 1 and g = 10. Out of the 1000 sam-
ples 99.5% converged to constraint satisfaction C  10�3

while respecting the optimality criterion ||G||1 < 10�2. By
definition, ||G||1 is a merit function for satisfying optimality
and dynamics constraints. We also observe that the solver
converges to a solution in less than 0.2s for 96% of the sam-
ples. These empirical data tend to support the fact that AL-
GAMES is able to solve the class of ramp merging problem
quickly and reliably.

For comparison, we present in Figure 4.b the results ob-
tained with iLQGames. We apply the same constraint satis-
faction criterion C  10�3. We fixed the value of the penalty
hyperparameter r for all the samples as it would not be a fair
comparison to tune it for each sample. Only 3 samples did
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Continua of Generalized Nash Equilibria
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(a) At a Nash equilibrium point, where collision constraints are active;
we compute the nullspace of the KKT conditions’ Jacobian depicted
in Figure 5.b. We choose one vector in this nullspace and explore
the Nash equilibrium subspace in this direction. We take a small step
in the chosen direction, then project back onto the generalized Nash
Equilibrium subspace by resolving the GNEP using ALGAMES.

(b) At a Nash equilibrium point, we compute the nullspace of the KKT
system depicted in Figure 5.b. Given a basis for the nullspace, for each
basis vector, we disturb the nominal solution in its direction. Then,
each disturbed solution is projected back onto the generalized Nash
equilibrium subspace. Finally, we perform a principal component
analysis (PCA) to visualize the vectors responsible for the largest part
of the variance in the trajectory of the vehicles. The yellow and blue
arrows represent the eigenvectors corresponding to the two largest
eigenvalues obtained with the PCA (Figure 6.c). The objective for
all cars is to drive in the yellow centerline. Thus, moving along the
direction of the blue vector would favor the middle car and penalize
the top and bottom cars. Following the yellow vector would advantage
the top vehicle to the detriment of the middle and bottom player.
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(c) Eigenvalues obtained with the PCA performed on the disturbed
solution vectors.

Fig. 6 We explore the generalized equilibrium subspace in one direc-
tion and obtain a sequence of GNE (top). Additionally, we represent
the two principal vectors along which the trajectories can evolve while
remaining a GNE (middle & bottom).

defined in Equation 10,
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Here, t denotes the iteration index. A consequence of this
trivial recursion is that the multipliers associated with the
same shared constraint are equal at the solution. Therefore,
if ALGAMES converges, it converges to a Normalized Nash
Equilibrium (NNE) in the sense of Rosen [37]. An NNE is
a GNE with the additional requirement that the multipliers
associated with shared constraints are equal. This reasoning
was applied by Dreves to a potential reduction method [38].
We transcribe it in the augmented Lagrangian context. At an
NNE, because the multipliers are equal, the price to pay for
violating the collision-avoidance constraint is the same for
both players. This can be interpreted as enforcing a notion
of “fairness” between the players in addition to optimality.
One interesting characteristic of NNE, compared to GNE, is
that they are not subject to the nullspace issue described in
Section 6.3. Indeed, thanks to the additional constraints en-
forcing equality between multipliers, active constraints no
longer introduce more columns than rows in the KKT sys-
tem.

7 MPC Implementation of ALGAMES

In this section, we propose an MPC implementation of the
algorithm that provides us with a feedback policy instead
of an open-loop strategy and demonstrates real-time per-
formance. We compare this MPC to a non-game-theoretic
baseline on a crowded ramp merging which is known to be
conducive to the “frozen robot” problem.

7.1 MPC Feedback Policy

The strategies identified by ALGAMES are open-loop Nash
equilibrium strategies. They are sequences of control inputs.
On the contrary, DDP-based approaches like iLQGames solve
for feedback Nash equilibrium strategies that provide a se-
quence of control gains. In the MPC setting, we can obtain
a feedback policy with ALGAMES by updating the strategy
as fast as possible and only executing the beginning of the
strategy. This assumes a fast update rate of the solution. To
support the feasibility of the approach, we implemented an
MPC on the ramp merging scenario described in Figure 3.a.
There are 3 players constantly maintaining a 40 time step
strategy with 3 seconds of horizon. We simulate 3 seconds of
operation of the MPC by constantly updating the strategies

12 Simon Le Cleac’h et al.

(a) At a Nash equilibrium point, where collision constraints are active;
we compute the nullspace of the KKT conditions’ Jacobian depicted
in Figure 5.b. We choose one vector in this nullspace and explore
the Nash equilibrium subspace in this direction. We take a small step
in the chosen direction, then project back onto the generalized Nash
Equilibrium subspace by resolving the GNEP using ALGAMES.

(b) At a Nash equilibrium point, we compute the nullspace of the KKT
system depicted in Figure 5.b. Given a basis for the nullspace, for each
basis vector, we disturb the nominal solution in its direction. Then,
each disturbed solution is projected back onto the generalized Nash
equilibrium subspace. Finally, we perform a principal component
analysis (PCA) to visualize the vectors responsible for the largest part
of the variance in the trajectory of the vehicles. The yellow and blue
arrows represent the eigenvectors corresponding to the two largest
eigenvalues obtained with the PCA (Figure 6.c). The objective for
all cars is to drive in the yellow centerline. Thus, moving along the
direction of the blue vector would favor the middle car and penalize
the top and bottom cars. Following the yellow vector would advantage
the top vehicle to the detriment of the middle and bottom player.
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(c) Eigenvalues obtained with the PCA performed on the disturbed
solution vectors.

Fig. 6 We explore the generalized equilibrium subspace in one direc-
tion and obtain a sequence of GNE (top). Additionally, we represent
the two principal vectors along which the trajectories can evolve while
remaining a GNE (middle & bottom).
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Here, t denotes the iteration index. A consequence of this
trivial recursion is that the multipliers associated with the
same shared constraint are equal at the solution. Therefore,
if ALGAMES converges, it converges to a Normalized Nash
Equilibrium (NNE) in the sense of Rosen [37]. An NNE is
a GNE with the additional requirement that the multipliers
associated with shared constraints are equal. This reasoning
was applied by Dreves to a potential reduction method [38].
We transcribe it in the augmented Lagrangian context. At an
NNE, because the multipliers are equal, the price to pay for
violating the collision-avoidance constraint is the same for
both players. This can be interpreted as enforcing a notion
of “fairness” between the players in addition to optimality.
One interesting characteristic of NNE, compared to GNE, is
that they are not subject to the nullspace issue described in
Section 6.3. Indeed, thanks to the additional constraints en-
forcing equality between multipliers, active constraints no
longer introduce more columns than rows in the KKT sys-
tem.

7 MPC Implementation of ALGAMES

In this section, we propose an MPC implementation of the
algorithm that provides us with a feedback policy instead
of an open-loop strategy and demonstrates real-time per-
formance. We compare this MPC to a non-game-theoretic
baseline on a crowded ramp merging which is known to be
conducive to the “frozen robot” problem.

7.1 MPC Feedback Policy

The strategies identified by ALGAMES are open-loop Nash
equilibrium strategies. They are sequences of control inputs.
On the contrary, DDP-based approaches like iLQGames solve
for feedback Nash equilibrium strategies that provide a se-
quence of control gains. In the MPC setting, we can obtain
a feedback policy with ALGAMES by updating the strategy
as fast as possible and only executing the beginning of the
strategy. This assumes a fast update rate of the solution. To
support the feasibility of the approach, we implemented an
MPC on the ramp merging scenario described in Figure 3.a.
There are 3 players constantly maintaining a 40 time step
strategy with 3 seconds of horizon. We simulate 3 seconds of
operation of the MPC by constantly updating the strategies
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(a) We initialize ALGAMES with 20 randomly-sampled and
dynamically-feasible trajectories (left). For this unconstrained but
non-convex problem, the solver converges to two “topologically”
different solutions (right). Either the green car goes first and merges
into the bottom lane, or the green car lets the orange car go first and
merges into the top lane.

(b) The main block, —yG = H, depicted in light blue is a square
matrix. Each active collision-avoidance constraint, cn ,w

k , adds a row
to the Jacobian matrix, Ĥ = —ŷĜ. Simultaneously, it introduces two
Lagrange multipliers, l n

k and l w
k , adding two columns to the Jacobian,

Ĥ. Consequently, the identification of the search direction in Newton’s
method, defined by Equation 9, is turned into an underdetermined
linear system of equations, d ŷ =�Ĥ�1Ĝ.

Fig. 5 We illustrate isolated Nash equilibria (top), and non-isolated
Nash equilibrium solutions stemming from an underdetermined KKT
system (bottom).

which ALGAMES converges is typically the closest to the
initial guess, thanks to the regularization scheme. This is a
desirable property, especially in the MPC setting , because it
prevents the re-planned trajectory from oscillating between
different Nash equilibria.

6.3 Generalized Nash Equilibrium

Identifying the solution set of a GNEP remains a major chal-
lenge as pointed out by Fisher et al. in an extensive survey
[36]. In general, the solution set of the GNEP can be con-
stituted of one or many isolated points or even non-isolated
points. Theoretical results in this domain often rely on strong
assumptions, such as convexity of the feasible set, absence
of shared constraints, or decoupled cost functions [5]. All
these assumptions could be violated in a typical robotic sce-
nario. Indeed, collision-avoidance constraints are shared and

non-convex. Similarly, collision-avoidance costs or conges-
tion terms introduce coupling between the players’ costs.

We explore the structure of the generalized Nash equi-
librium (GNE) solutions in the presence of shared collision-
avoidance constraints. We denote, cn ,w

k :Rn !R, the collision-
avoidance constraint between player n and player w at time
step k. For each collision-avoidance constraint cn ,w

k , we in-
troduce two Lagrange multipliers l n

k 2 R and l w
k 2 R; one

for each player. We remark that, for a single constraint, we
add two Lagrange multipliers. We denote, Nc, the number of
collision-avoidance constraints. By concatenating these con-
straints with the residual vector G, we add Nc entries and Nc
rows to its Jacobian. We denote Ĝ and Ĥ the “augmented”
residual vector and Jacobian matrix. We need to differentiate
the residual Ĝ, with respect to the 2Nc Lagrange multipli-
ers associated with the collision constraints. This adds 2Nc
columns to the Jacobian Ĥ. Thus, the Jacobian is an under-
determined linear system, with Nc more columns than rows
(Figure 5.b). However, only active collision-avoidance con-
straints should be included in the Jacobian. Therefore, the
Jacobian only has Na more columns than rows, where Na de-
notes the number of active collision-avoidance constraints.
Thus, the nullspace of the underdetermined linear system
Ĥ is at least of dimension Na (Figure 5.b). Consequently,
the solution set of a GNEP can potentially be composed of
non-isolated points and could span in multiple dimensions
locally around a known equilibrium point.

We explore this nullspace at a Nash equilibrium point
by slightly disturbing the current generalized Nash equilib-
rium in one of the nullspace’s directions (Figure 6.a). We
obtain a continuum of GNE. Additionally, Figures 6.b and
6.c, present the two main directions in which the solution
can drift while remaining a GNE. The nullspace was of di-
mension 17, which corresponds to the number of active con-
straints at the equilibrium point. Yet, we notice that most of
the trajectory variability is captured by a limited number of
eigenvectors. We remark that the two principal eigenvectors
have an elegant interpretation: they both favor one vehicle
over the others. Additionally, they nicely show how disturb-
ing the trajectory of one player influences the trajectories of
the other players through the collision constraints. Finally,
by combining these two eigenvectors and stepping in the re-
sulting direction, one could favor any of the three vehicles.

6.4 ALGAMES’ Convergence to Normalized Nash
Equilibrium

We observe that the multipliers l n
k and l w

k associated with
the shared constraint, cn ,w

k , are equal at every iteration of the
solver. Indeed, we can assume that the multipliers are initial-
ized with the same value (typically zero). Moveover, these
multipliers are updated with identical dual ascent updates,

ALGAMES finds Normalized
Nash Equilibrium: multipliers
equal for different players on
Shared constraints.
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